ABSTRACT. Let R be a Krull domain. It is shown that a nonzero locally principal ideal is invertible. This is used to show that Cl(fí)/Pic (ñ) is torsion if and only if CI(Rm) is torsion for each maximal ideal M of R. Here Cl(i?) and Pic(H) denote the divisor class group and Picard group of R, respectively.
1. Introduction. Perhaps the most interesting result of this note is that a nonzero locally principal ideal in a Krull domain is invertible. This result is a special case of the following theorem we prove in §2: Let I be a finite type v-ideal in an integral domain R with the property that for each maximal ideal M ofR, (In)VM is principal for some positive integer n (depending on M). Then (IN)V is invertible for some positive integer N. In §3 the results of §2 are used to globalize some local properties in Krull domains. We give many conditions equivalent to a Krull domain R having C1(í?m) = 0 (i.e., R is locally factorial), or CI(Rm) being torsion (i.e., R is locally almost factorial) for every maximal ideal M of R. The main result of §3 is that Cl(H)/Pic(H) is torsion if and only if CI(Rm) is torsion for each maximal ideal M of R, where R is a Krull domain. Here, as usual, C1(Ä) and Pic(ñ) denote the divisor class group and Picard group of R, respectively.
2. Locally principal ideals. Let R be an integral domain with quotient field K. For a nonzero ideal 7 of R, we write Iv for (I~ 1)~1 and say that 7 is a divisorial ideal or a v-ideal if I = Iv. We say that 7 is a finite type w-ideal if I = Jv for some finitely generated ideal J of R. It is well known that every divisorial ideal of a Krull domain is of finite type. An ideal 7 7^ 0 is called a i-ideal if for nonzero xi,...,xn G 7, (ii,...,xn)v Ç 7. Thus 7 is a t-ideal if and only if 7 = \J Jv where J runs over the set of nonzero finitely generated ideals of R contained in 7. Evidently a finite type i-ideal is a (finite type) u-ideal. Let Max(7?) be the set of maximal ideals of R. An ideal 7 is locally principal if Im is principal for each M G Max(fí). It is well known that a nonzero ideal 7 is invertible if and only if it is finitely generated and locally principal. Our first result weakens the requirement that I be finitely generated. Our general references are [5] and [6] . The proof of Theorem 2.1 actually shows that any locally i-ideal is a t-ideal. In particular, if R is a Krull domain, an ideal is divisorial if and only if it is locally divisorial. This and the next corollary follow from the previously mentioned result that every v-ideal in a Krull domain is of finite type.
COROLLARY 2.2. A nonzero ideal in a Krull domain is invertible if and only if it is locally principal.
In [6, p. 519 ] an example of an almost Dedekind domain D is given in which every maximal ideal but one, say M, is invertible. It is shown that M~1 = D. Thus M is locally principal (and hence a t-ideal), but M is not a u-ideal.
We introduce the following notation to simplify the statement of our next theorem. For a nonzero ideal 7 of R, we define 7<n> = (In)v. Thus jW = Iv. If jW has finite type, say Iv = Jv, where J is finitely generated, then fin^ = (In)v = (Jn)v, so that J<n> also is of finite type. Finally, note that 7(nW) = I^nl\ We next give a broad generalization of Theorem 2.1. Its implication for Krull domains will be delayed until the next section. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3. Krull domains. Let R be a Krull domain with quotient field K. We adopt the following standard notation: X^(R) = X^ is the set of height-one prime ideals of 7?, Pic(7?) is the Picard group of 72, and Cl(7?) is the divisor class group of R. The factorial domains form the class of Krull domains with Cl(7? (11) R is a Krull domain and for each P G X^\ there exists a positive integer n (depending on P) such that P^ is invertible for k > n.
(12) R(X) is factorial.
PROOF. The proof of the equivalence of conditions (1) and (5)- (10) is given in [1] . The proof of the equivalence of conditions (l)- (6) and (12) may be found in [2] . It only remains to show that (11) is equivalent to the other eleven conditions. It is clear that (7) implies (11). Conversely, suppose that (11) holds and let P G XW. Then there exists an n > 0 with both P^ and p(n+1) invertible. Then P = pin)-1 p(n+i) is invertible.
It is interesting to note that for a quasi-local domain R (or more generally an integral domain R with Pic(ñ) = 0) each of the conditions of Theorem 3.1 is equivalent to 7? being factorial. Corollary 2.2 gives new proofs to several of the implications of Theorem 3.1. In fact, Corollary 2.2 is really "what makes Theorem 3.1 work". Several of these conditions had been known to be equivalent for Noetherian Krull domains ( (5) «=► (1) in [8] , (5) <=> (7) in [5] , for example). An excellent survey of locally factorial domains appears in [3] .
Let i? be a Krull domain. One can define the group G(R) = Cl(i?)/Pic(i?) [1, 3, 4] . It follows from Theorem 3.1 that R is locally factorial if and only if G(R) = 0.
Thus G(R) measures the deviation of R from being a 7r-domain (locally factorial Krull domain) in a manner analogous to Cl(7?) measuring the deviation of 7? from being a factorial domain. Functorial properties of G(R) similar to those of Cl(7?) are given in [4] .
Storch [9] defined a Krull domain to be almost factorial if Cl(7?) is a torsion group. The following theorem characterizes such rings [9 or 5] . Rfn n Rgn is principal. (5) IfP G X(1), then P<n> is principal for some n > 0. (6) For P G XW, P = v/(x) for some x G 7?.
Krull domains satisfying (6) have been called semifactorial in [7] . It is clear that R is almost factorial if and only if the radical of each divisorial ideal is the radical of a principal ideal.
As in the case of locally factorial domains, a Krull domain may be locally almost factorial without being almost factorial (e.g., a Dedekind domain with nontorsion divisor class group). We define a Krull domain R to be locally almost factorial if Rm is almost factorial for each M G Max(TÎ). In analogy to Theorem 3.1 and Theorem 3.2 we may define a Krull domain R to be almost locally factorial if G(R) = Cl(7î)/Pic(i?) is a torsion group, or equivalently for each P G X^ there exists an n > 0 with P^ invertible. Theorem 3.3 shows that there is no linguistic difficulty; almost locally factorial Krull domains are the same thing as locally almost factorial Krull domains. (8) Each P G X^ is the radical of an invertible ideal.
PROOF. The equivalence of (l)- (5) is given in [1] . In [4] it is shown that (1) and (6) are equivalent. Since the Picard group of a quasi-local domain is trivial, it is clear that (3) =» (7). The implication (7) => (3) follows immediately from Theorem 2.3. It is clear that (3) implies (8) . Conversely, suppose that (8) holds. Let P G XL icense or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and let P = \/7 where 7 is invertible. But 7 is then divisorial and sjl = P, so we must have 7 = P^ for some n > 0. Thus (3) holds.
Condition (8) is easily seen to be equivalent to the radical of every divisorial ideal being the radical of an invertible ideal. An almost locally factorial Krull domain R is almost factorial if and only if Pic(7?) is torsion. Noetherian Krull domains satisfying condition (8) of Theorem 3.3 were studied by Mezzetti and Spangher in [7] . They proved the equivalence of certain of these conditions in the Noetherian case. The equivalence of (1) and (7) for R Noetherian is given in [4] . One part of Theorem 3.3 (really Theorem 2.3) is so useful, that we restate it as a corollary. that a nonzero prime ideal in a Krull domain that is both minimal and maximal is invertible. This result also follows from Corollary 2.2 since such an ideal is clearly locally principal. More generally, if A is an ideal in a Krull domain such that y/Ä is a finite intersection of maximal ideals, then A^ is invertible.
